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Abstract
Jennings [Trans. Amer. Math. Soc. 50 (1941) 175–185] used the descending central series of di-
mension subgroups to produce a basis of the radical layers of the group ring of a p-group over a
field k of characteristic p and, with it, a Hilbert polynomial for the dimensions of these layers. Later,
Quillen [J. Algebra 10 (1968) 411–418] employed Lie ring methods of Lazard [Ann. Sci. Ecole
Norm. Sup. (3) 71 (1954) 101–190] to refine the proof of Jennings’ theorem. Analogously, Alperin
[Quart. J. Math. Oxford Ser. (2) 39 (154) (1988) 129–133] extended Jennings’ methods to permu-
tation modules for p-groups, while Shalev [Proc. Amer. Math. Soc. 120 (2) (1994) 333–337] later
recast this in terms of Quillen’s formulation. All of this naturally extends to p-split groups, finite
groups with normal p-Sylow.
Consider the filtration of the group ring kG by the powers of its Jacobson radical. When G is
a p-group, Quillen showed that the associated graded ring is isomorphic to the graded p-restricted
universal enveloping algebra UJ⊗k∗ (G) for the graded p-restricted Lie algebra generated from the
filtration of G by its descending central series of dimension subgroups. For a p-split group G with
p-Sylow P and a given maximal subgroup A of order prime to p, the associated graded ring is
isomorphic to the skew group ring UJ⊗k∗ (P )  A (Theorem 4), where A is concentrated in degree
zero and the action of A on UJ⊗k∗ (P ) is induced from its conjugation action on P . Let H be
a subgroup of G and S a semisimple kH -module. Consider the graded module associated to the
filtration by the powers of the Jacobson radical of the module formed by inducing S up to PH . This
graded module will be isomorphic to the Hopf algebra tensor product of S (regarded as a semisimple
kPH -module) with the quotient of UJ⊗k∗ (P ) by a left ideal generated by elements corresponding
to q − 1, where the q are elements of the p-Sylow of H ; inducing this graded module up to G will
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allow explicit computation of the isomorphism classes of the radical layers of the module produced
by inducing S to G.
 2004 Elsevier Inc. All rights reserved.
The first two sections introduce this article’s conventions. Section 1 briefly reviews
several topics of general interest whose notation is unfortunately not standardized, while
Section 2 follows with the specific Lie algebraic constructions of Quillen and Shalev. Sec-
tion 3 elaborates on these constructions to allow the descriptions made in Theorems 4
and 5. In Section 4, the Hilbert polynomials for the Brauer character are derived from the
identifications made in these theorems.
There is one application of these results that should be mentioned: computing the Car-
tan matrix of kΥ , for extensions f :Υ  Γ , having kernel a p-group, of a known finite
group Γ . For any finite group Γ and any kΓ -module M , let PkΓ (M) denote the minimal
projective cover of M by a kΓ -module. The theorem of Alperin–Collins–Sibley [2] says
that, for any kΓ -module M , PkΥ (M) and PkΓ (M) ⊗ Df have the same composition se-
ries factors (including multiplicity), where Df is the permutation kΥ -module with basis
ker(f ) on which Υ acts by conjugation. Let g ∈ Υ have order prime to p and let C denote
the conjugacy class of g in both Υ and 〈ker(f ), g〉. It turns out that the Brauer characters
tC(Df ) and tC(Pk〈ker(f ),g〉(1)) are equal. Since Pk〈ker(f ),g〉(1)  1k〈g〉↑k〈ker(f ),g〉, evaluat-
ing Eq. (2) of this paper at t = 1 produces the Brauer character of this principal projective
indecomposable module. In a future paper [11], this decomposition of the Brauer character
into a product of sums of roots of unity is crucial for determining the asymptotics of the
Cartan matrices of the family of Frattini covers, having p-group kernel, of a given group Γ .
1. Notation and conventions
Let p be a fixed prime number. Throughout this article, k will be a given field of char-
acteristic p, G will be a given p-split group, i.e., a finite group with normal p-Sylow P ,
and H will be a subgroup of G. Notice that the p-Sylow Q of H is normal in H . Schur–
Zassenhaus ensures that G has a subgroup A isomorphic to G/P such that A∩H  H/Q;
for convenience, denote A∩H by B . Finally, S will be a given semi-simple left kH -module
and J will be the subgroup of G generated by P and B .
For the non-negative rational integers and the positive rational integers, we use the no-
tations N and Z+, respectively.
1.1. Group rings and their modules
Given an action of a finite group Γ on an associative algebra Λ, i.e., a homomorphism
from Γ to the group of automorphisms of Λ, we may form the skew group ring Λ  Γ
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multiplication is given as follows:( ∑
g1∈Γ
λg1g1
)( ∑
g2∈Γ
λ′g2g2
)
=
∑
g1∈Γ
∑
g2∈Γ
λg1
(
g1λ′g2
)
g1g2.
Note that the action of g1 on Λ has been written analogously to conjugation on the left
in a group: gh := ghg−1 for all g,h ∈ Γ . The quotient of Λ  Γ by the two-sided ideal
generated by elements of the form g − 1, where g ∈ Γ , is called the principal Λ  Γ -
module and is denoted by Λ, as the subalgebra Λ forms a canonical set of representatives
for the elements of this module.
Turning to the standard group ring, given a subgroup Υ of Γ and a ΛΥ -module M , the
induced module ΛΓ ⊗ΛΥ M is denoted by M↑ΛΓ and the restriction from ΛΓ to ΛΥ is
denoted by M↓ΛΥ .
In the case of kΓ , the principal kΓ -module is a one-dimensional simple module called
1kΓ ; the kernel ωkΓ of the natural map from kΓ onto 1kΓ is called the augmentation ideal.
The Hopf algebra tensor product M ⊗ N of two kΓ -modules M and N is a kΓ -module
whose set of elements is just M ⊗k N ; Γ acts diagonally on the tensor product, the action
of the group ring given by extending this linearly.
1.2. Graded and Lie algebras
A graded algebra Λ over k is an algebra over k with a given grading, i.e., a direct
sum decomposition Λ =⊕i∈N Λi into k-submodules such that Λi · Λj ⊆ Λi+j for all i
and j in N. An element x of a graded algebra Λ is homogeneous if it is an element of
Λ for some  ∈ N;  is called the degree of x, and is denoted (x). A graded ideal of
a graded algebra is an ideal which is generated by its homogeneous elements. If Λ is a
graded associative-algebra over k and M is a Λ-module, then M is a graded Λ-module if
it has a grading, i.e., a direct sum decomposition M =⊕i∈N Mi into k-submodules such
that Λi ·Mj ⊆ Mi+j for all i and j in N. Finally, a graded homomorphism (of algebras or
modules) is a homomorphism which preserves the grading.
Recall that, for each element x of a Lie algebra L over k, there is a k-module en-
domorphism ad(x) of L given by ad(x)(y) = [x, y] for all y ∈ L. A p-restricted Lie
algebra L over k is a Lie algebra over k which has a “pth power map” x → x[p] satisfy-
ing ad(x)p(y) = [x[p], y] for all x and y in L; a p-restricted Lie algebra homomorphism
is a Lie algebra homomorphism which commutes with the pth power maps. Given a p-
restricted Lie algebra L over k, the p-restricted universal enveloping algebra of L is the
quotient of the ordinary universal enveloping algebra by the two-sided ideal generated by
all elements of the form xp − x[p], where x ∈ L.
Example. The standard example of a p-restricted Lie algebra is the Witt algebra, consisting
of all derivations of the commutative group ring kCp , where Cp denotes the cyclic group of
order p: given two derivations ∂1 and ∂2, ∂1 ◦ ∂2 − ∂2 ◦ ∂1 and ∂p1 will both be derivations
as well. This is a simple p-restricted Lie algebra of non-classical type. Its p-restricted
universal enveloping algebra is generated over k by x0, . . . , xp−1 modulo the relations
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to the derivation mapping the generator g of Cp to gi+1.
Example. The Lie algebras deriving from p-groups are nilpotent. Let V be a vector space
having dimension greater than two over the finite field F2 with two elements; let q be
a quadratic form on V such that the associated bilinear form (· , ·) is non-degenerate
on a codimension-one subspace W of V and let z be an element of V \ W such that
(z,V ) = 0. Suppose also that q(z) = 0. For every two elements v1 and v2 of V , define
the Lie bracket [v1, v2] to be (v1, v2)z and the “square” v[2]1 to be q(v1)z. This is isomor-
phic to the 2-restricted Lie algebra created from the grading of an extraspecial 2-group by
its dimension subgroups (defined in Section 2).
The Poincaré–Birkhoff–Witt Theorem has a form tailored for p-restricted Lie algebras:
Theorem 1 (Poincaré–Birkhoff–Witt [7, pp. 185–192]). Given an ordinal λ, if {xα | α ∈ λ}
is a basis of the p-restricted Lie algebra L, then {xi1α1 · · ·xinαn | α1 < α2 < · · · < αn; 0 
ij < p, ∀j} is a basis of the p-restricted universal enveloping algebra of L.
By choosing a basis of homogeneous elements, this theorem imposes a grading on the
p-restricted universal enveloping algebra compatible with that of the original p-restricted
Lie algebra.
1.3. Brauer characters
Our approach to the Brauer character is similar to that of Holt and Plesken [5, Sec-
tion 2.2.5]; a more standard treatment, placing the values of the Brauer character in the
complex numbers, can be found in Benson’s text [3, Section 5.3], for instance. Either way,
the key property is that knowing the Brauer character of a module is equivalent to knowing
the multiplicity of appearance of the simple factors in a composition series of the module.
Let Γ be a finite group, C a p′-conjugacy class of Γ (i.e., a conjugacy class whose ele-
ments have order prime to p), and M a kΓ -module. Let g be any element of C. LetR k
be any ring epimorphism with domain a complete rank-one discrete valuation ring hav-
ing characteristic zero quotient field. Let ℘ be the unique maximal ideal of R. Recall that
an RΓ -lattice is an RΓ -module which is free as an R-module. By Maschke’s theorem,
H2(〈g〉,Endk(M↓k〈g〉)) and H1(〈g〉,Endk(M↓k〈g〉)) are both zero, so there is an R〈g〉-
lattice M̂g such that M̂g/℘M̂g  M↓k〈g〉, unique up to isomorphism [3, Theorem 3.7.7].
The Brauer character tC(M) is defined to be the trace of the action of g on M̂g , an alge-
braic integer. The Brauer character tC(M) does not depend on the choice of g. It also does
not depend, in any essential sense, on the choice of the epimorphism R k.
Let F ⊆ k be a minimal field of definition for the semi-simple module M↓k〈g〉; this
exists and is finite (cf. [3, Proposition 5.3.4]). Let N be an F〈g〉-module such that
k〈g〉 ⊗F〈g〉 N  M↓k〈g〉. Now there is a W(F)〈g〉-lattice N̂g , unique up to isomorphism,
which reduces to N modulo p; here W(F) is the Witt ring of F, a complete rank-one dis-
crete valuation ring having residue field F and characteristic zero quotient field, and such
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that the restriction of R k to W(F) is the latter’s canonical residue map (cf. [12, The-
orem 4, II.§5], e.g., for details); this embedding sends the trace of the action of g on N̂g
to tC(M). Hence, there is a canonical way to identify the value of the Brauer character
inside any complete rank-one discrete valuation ring having residue field an extension of k
(and having a characteristic zero quotient field). In other words, the choice of epimorphism
R k really doesn’t matter, and the value of the Brauer character is also preserved under
extension of scalars.
The Brauer character is the characterizing invariant of the isomorphism class of a radical
layer. In a p-group, since there is only one conjugacy class whose elements have order
prime to p, the Brauer character reduces to just the dimension, exactly what Jennings et
al., specified in their Hilbert polynomials.
2. The constructions of Quillen and Shalev
For any group Γ , consider the graded group ring created from the successive quotients
of the powers of the augmentation ideal ωkΓ . A priori, the dimensions of its homogeneous
pieces are not easy to compute. It is more straightforward to find this information for the
graded p-restricted Lie algebra produced by filtering the group Γ by its descending cen-
tral series of dimension subgroups (for the prime p which is the characteristic of k), à la
Lazard [9]. Quillen [10] exhibited an isomorphism between its (graded) p-restricted uni-
versal enveloping algebra and the graded group ring. The Poincaré–Birkhoff–Witt theorem
produces a homogeneous basis for the universal enveloping algebra and a Hilbert polyno-
mial for the dimensions of its layers; this is the information found by Jennings [8] when
Γ was a p-group. Shalev [13] extended all of this to permutation modules of Γ . It should
be noted, in passing, that the results of Quillen and Shalev also hold when the characteris-
tic of k is zero, by removing the p-restriction on the Lie and enveloping algebras and by
removing the pth power term from the definition of the dimension subgroups.
Let’s review Quillen’s constructions; a concise account for p-groups may be found in
Benson [3, Section 3.14]. Fix a p-group Γ . Define the dimension subgroups ∆i(Γ ) in-
ductively by
∆i(Γ ) =
[
Γ,∆i−1(Γ )
]
∆i/p(Γ )p,
where ∆1(Γ ) is Γ and x is the smallest rational integer greater than or equal to x. See
Huppert and Blackburn [6, VIII, Theorem 1.13], for example, for details.
Regard the successive quotients as vector spaces over Fp and form the graded
p-restricted Lie algebra
J ⊗k∗ (Γ ) := k ⊗Fp
⊕
i∈Z+
∆i(Γ )/∆i+1(Γ )
with the Lie bracket inherited from Γ ’s commutator:[
κ1 ⊗ g1∆i1+1(Γ ), κ2 ⊗ g2∆i2+1(Γ )
] := (κ1κ2) ⊗ [g1, g2]∆i1+i2+1(Γ )
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κ ⊗ g∆i+1(Γ )
)[p] := κp ⊗ gp∆pi+1(Γ ),
where g ∈ ∆i(Γ ).
The group ring graded by the powers of the augmentation ideal ωkΓ is denoted
gr∗(kΓ ) :=
⊕
i∈N
ωikΓ /ω
i+1
kΓ .
Sending g ∈ ∆i(Γ ) to g − 1, which will lie in ωikΓ , produces a well-defined graded
p-restricted Lie algebra monomorphism
J ⊗k∗ (Γ )
Φ→ gr∗(kΓ ),
g∆i+1(Γ ) → (g − 1) + ωi+1kΓ (1)
and this induces the desired isomorphism between gr∗(kΓ ) and the p-restricted universal
enveloping algebra of J ⊗k∗ (Γ ) (which we will call UJ ⊗k∗ (Γ )).
On to Shalev’s constructions. Consider a transitive permutation module M of Γ ; this
will be isomorphic to 1kΥ ↑kΓ for some subgroup Υ of Γ . This is in turn naturally isomor-
phic to kΓ/kΓ · ωkΥ . The graded module
gr∗(M) :=
⊕
i∈N
ωikΓ M/ω
i+1
kΓ M
is then isomorphic to the quotient of gr∗(kΓ ) by the graded ideal
gr∗(kΓ · ωkΥ ) :=
⊕
i∈N
((
ωikΓ ∩ (kΓ · ωkΥ )
)+ ωi+1kΓ )/ωi+1kΓ .
This ideal corresponds to the graded left ideal of UJ ⊗k∗ (Γ ) generated by the following
graded p-restricted Lie subalgebra of J ⊗k∗ (Γ ):
J ⊗k∗ (Γ |Υ ) :=
⊕
i∈Z+
(
∆i(Γ ) ∩ Υ
)
∆i+1(Γ )/∆i+1(Γ ).
A homogeneous basis of UJ ⊗k∗ (Γ )/(UJ ⊗k∗ (Γ ) · J ⊗k∗ (Γ |Υ )) yields a Hilbert poly-
nomial for the dimensions of the radical layers. Namely, choose a homogeneous basis
{xm+1, . . . , xn} of J ⊗k∗ (Γ |Υ ) and complete it to a homogeneous basis {x1, . . . , xn} of
J ⊗k∗ (Γ ). Apply the Poincaré–Birkhoff–Witt theorem: {xα11 · · ·xαnn | 0  αi < p for all i}
will be a homogeneous basis of UJ ⊗k∗ (Γ ) and a product xα11 · · ·xαnn will lie in UJ ⊗k∗ (Γ ) ·
J ⊗k∗ (Γ |Υ ) iff αi = 0 for some i > m. Hence, the image of the set {xα11 · · ·xαmm | 0 αi <
p for all i} will be a homogeneous basis of the quotient.
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(1) gr∗(kΓ )  UJ ⊗k∗ (Γ ).
(2) gr∗(1kΥ ↑kΓ )  UJ ⊗k∗ (Γ )/(UJ ⊗k∗ (Γ ) ·J ⊗k∗ (Γ |Υ )).
(3) If {x1, . . . , xn} is a homogeneous basis of J ⊗k∗ (Γ ) such that {xm+1, . . . , xn} forms a
basis of J ⊗k∗ (Γ |Υ ), then dimk(gr(1kΥ ↑kΓ )) equals the coefficient of t in
m∏
i=1
p−1∑
j=0
tj(xi ).
Note that there is a typographical error in Shalev’s paper: the rank dm appearing in the
corollary of his theorem should be the rank of Dm/(H ∩ Dm)Dm+1.
Let’s end by noting Hill’s [4] application of Jennings’ theory to comparing the radical
and socle layers of the group ring of a p-group, and Alperin’s [1] extension of this to
permutation modules:
Corollary 3 (Hill, Alperin). For a permutation module of a p-group, over a field of char-
acteristic p, the radical and socle layers are identical.
3. Grading by the Jacobson radical
The Jacobson radical of kG is generated by the augmentation ideal of kP : since
kG/kG ·ωkP is isomorphic to kA, by Maschke’s theorem a semi-simple algebra, kG ·ωkP
must contain rad(kG). Because P is normal in G, kG · ωkP = ωkP · kG and so, by induc-
tion, (kG · ωkP ) = kG · ωkP for all . But ωkP is the Jacobson radical of kP and thus is
nilpotent, forcing kG ·ωkP to be nilpotent as well, and therefore contained in rad(kG). We
have:
rad(kG) = kG · ωkP , rad(kJ ) = kJ · ωkP , and rad(kH) = kH · ωkQ.
Consequently, rad(kG) = kG · rad(kJ ) for all .
Grading a kG-module M by the Jacobson radical yields a graded module we denote
Gr∗(M) :=
⊕
i∈N
radi (M)/ radi+1(M).
Since rad(kG) is a two-sided ideal, Gr∗(kG) will be a graded associative algebra.
3.1. Grading the algebra
Conjugation on the left produces an action of A on kP as a group of algebra automor-
phisms. The augmentation ideal ωkP is stabilized by this action, as are its powers, yielding
an action of A on the graded algebra gr∗(kP ).
D. Semmen / Journal of Algebra 285 (2005) 730–742 737By writing the elements of kG as a double sum over the elements of P and A, using the
fact that any element of G can be written uniquely as a product of one element of P and
one element of A, the group ring kG is seen to be naturally isomorphic to the skew group
ring kP  A. The powers of the Jacobson radical radi (kG) = kG · ωikP then identify with
the ideals ωikP  A (for any left kP -ideal I stabilized by the action of A, I  A is the left
kP  A-ideal generated by the sums of products of elements of I and A), and so the two
graded algebras become canonically isomorphic as well:
Gr∗(kG)  gr∗(kP )  A;
in this notation, A is concentrated in degree 0.
Conjugation by A both stabilizes the dimension subgroups of P , since the latter are
characteristic, and commutes with commutators and pth powers, since conjugation by an
element of A is a group automorphism of P . Hence, this conjugation induces an action of
A on J ⊗k∗ (P ) as a group of graded p-restricted Lie algebra automorphisms. The defining
property of p-restricted universal enveloping algebras lifts this action to one of associa-
tive algebra automorphisms of UJ ⊗k∗ (P ). Through the map Φ in Eq. (1), this action is
identified with the one induced on gr∗(kP ) in the previous paragraph and we conclude
that:
Theorem 4. Regarding A as concentrated in degree 0, Gr∗(kG)  UJ ⊗k∗ (P )  A.
3.2. Grading the induced module
Recall that S is our given semi-simple kH -module. We will analyze the induced module
S↑kG by first examining the intermediate module S↑kJ , and then inducing up from there:
S↑kG  S↑kJ↑kG.
Normal p-subgroups always act trivially on semi-simple modules over fields of char-
acteristic p, so the semi-simple modules for kH , kJ , and kB are all in natural one-to-one
correspondence. Given the semi-simple kH -module S, we let S denote the corresponding
semi-simple kJ -module.
Theorem 5. With UJ ⊗k∗ (P )/(UJ ⊗k∗ (P ) ·J ⊗k∗ (P |Q)) regarded as a quotient of the prin-
cipal UJ ⊗k∗ (P )  B-module and with S regarded as being concentrated in degree 0,
(1) Gr∗(S↑kJ )  [UJ ⊗k∗ (P )/(UJ ⊗k∗ (P ) ·J ⊗k∗ (P |Q))] ⊗ S and
(2) Gr(S↑kG)  Gr(S↑kJ )↑kG, for all .
Proof. Since rad(kH) = kH · ωkQ, ωkQ is in the kernel of the action of kH on S, so
S↑kJ = kJ ⊗kH S 
(
kJ/(kJ · ωkQ)
)⊗kH S  (kJ/(kJ · ωkQ))⊗kB S↓kB.
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ring kP  B . Rewrite the elements of kJ to explicitly see the isomorphism of kJ with the
skew group ring kP  B:
∑
b∈B
(∑
x∈P
κxbx
)
b.
This identifies the left ideal kJ ·ωkQ with the left ideal (kP ·ωkQ)B . Notice the impor-
tance here of B stabilizing the subgroup Q under conjugation, so that B stabilizes the left
ideal kP ·ωkQ of kP ; this is the reason for the intermediate step of inducing up to kJ . We
can now rewrite S↑kJ using the Hopf algebra tensor product of kJ :
S↑kJ  (kJ/(kJ · ωkQ))⊗kB S↓kB  (kP/(kP · ωkQ))⊗ S,
where kP/(kP · ωkQ) is a quotient of the principal kP  B-module. Now,
radi (kP  B) · ((kP/(kP · ωkQ))⊗ S)= ωikP (kP/(kP · ωkQ))⊗ S
= ((ωikP + (kP · ωkQ))/(kP · ωkQ))⊗ S
and so
Gr∗
(
S↑kJ ) gr∗(kP/(kP · ωkQ))⊗ S  gr∗(1kQ↑kP )⊗ S
as graded kP  B-modules, with S concentrated in degree 0.
The isomorphism between gr∗(kP ) and UJ ⊗k∗ (P ) commutes with the action of B .
It also identifies the kernel of the quotient map from gr∗(kP ) to gr∗(1kQ↑kP ) with
UJ ⊗k∗ (P ) ·J ⊗k∗ (P |Q). But B stabilizes both the subset J ⊗k∗ (P ) of Lie elements of
UJ ⊗k∗ (P ) and the subgroup Q. Since the action of B on J ⊗k∗ (P ) is induced by conju-
gation on P , B also stabilizes J ⊗k∗ (P |Q). Therefore,
Gr∗
(
S↑kJ ) [UJ ⊗k∗ (P )/(UJ ⊗k∗ (P ) ·J ⊗k∗ (P |Q))]⊗ S.
Proceed with the induction to kG:
rad
(
S↑kG) rad(kG) · S↑kJ↑kG
= rad(kG) · (kG ⊗kJ S↑kJ )
= rad(kG) ⊗kJ S↑kJ
= (kG · rad(kJ ))⊗kJ S↑kJ
= kG ⊗kJ
(
rad(kJ ) · S↑kJ )
= rad(S↑kJ )↑kG.
Since taking quotients commutes with induction, Gr(S↑kG)  Gr(S↑kJ )↑kG. 
D. Semmen / Journal of Algebra 285 (2005) 730–742 739It is now easy to mimic the proof of Hill’s and Alperin’s results:
Corollary 6. The radical layers and socle layers of S↑kG are the same.
Proof. The theorem tells us that
dimk
(
Gr
(
S↑kG))= (G : J ) · dimk(Gr(S↑kJ ))
= (G : J ) · dimk(S) · dimk
(
gr
(
1kQ↑kP
))
.
Let s be the radical length of S↑kG, which, by the theorem, equals that of 1kQ↑kP . Recall
that dualizing commutes with induction, i.e., (S∗)↑kG  (S↑kG)∗, and that taking the dual
exchanges the socle and radical layers:
dimk
(
soc
(
S↑kG)/soc−1(S↑kG))= dimk(Gr−1((S↑kG)∗))
= dimk
(
Gr−1
(
S∗↑kG))
= (G : J ) · dimk(S∗) · dimk
(
gr−1
(
1kQ↑kP
))
= (G : J ) · dimk(S) · dimk
(
grs−
(
1kQ↑kP
))
= dimk
(
Grs−
(
S↑kG));
the second-to-last equality follows from Corollary 3, since permutation modules are iso-
morphic to their dual. Now use the fact that soc(S↑kG) contains rads−(S↑kG) and
proceed by induction on  to conclude that soc(S↑kG) = rads−(S↑kG). 
4. Producing the Hilbert polynomials
The intermediate step of inducing to kJ also appears in explicit calculation. The
Poincaré–Birkhoff–Witt theorem produces Hilbert polynomials for the Brauer character
of the graded kJ -module in the first part of Theorem 5, while use of Mackey’s lemma
(Corollary 8) specifies what linear combination of the Hilbert polynomials in Eq. (2) is the
Hilbert polynomial for tC(Gr∗(S↑kG)).
As extending scalars does not affect the value of the Brauer character of a module,
assume k contains the |G|p′ th roots of unity. (The notation |Γ |p′ means the largest rational
integer relatively prime to p which divides the order of the finite group Γ .) Let R be
a complete rank-one discrete valuation ring with residue field k and characteristic zero
quotient field. Fix a p′-conjugacy class D of J and an element b ∈ D ∩ B . Choose an
ordered homogeneous basis {x1, . . . , xn} of J ⊗k∗ (P ) consisting of eigenvectors for the
linear transformation which b induces on J ⊗k∗ (P ); also, we may choose the basis such
that {xm+1, . . . , xn} forms a basis of J ⊗k∗ (P |Q). Let λi be the eigenvalue corresponding
to xi .
By the Poincaré–Birkhoff–Witt theorem, the products xα11 · · ·xαnn form a basis of
UJ ⊗k∗ (P ), where 0 αi < p for all i; these elements are also eigenvectors for the action
740 D. Semmen / Journal of Algebra 285 (2005) 730–742of b, the eigenvalue corresponding to xα11 · · ·xαnn being λ1α1 · · ·λnαn . As in the paragraph
preceding Theorem 2, the image of the set {xα11 · · ·xαmm | 0 αi < p for all i} will be a ho-
mogeneous basis of the quotient UJ ⊗k∗ (P )/(UJ ⊗k∗ (P ) · J ⊗k∗ (P |Q)). Finally, let λi ∈R
be the unique lift of λi to a root of unity having the same multiplicative order.
Then, by the first part of Theorem 5, tD(Gr(S↑kJ )) equals the product of tD∩H (S) and
the following sum, a sum over αi with 0 αi < p:
∑
α1(x1)+···+αm(xm)=
(
m∏
i=1
λ
αi
i
)
;
note that D ∩ H is a single conjugacy class of H . Thus, tD(Gr(S↑kJ )) is just the coeffi-
cient of t in
tD∩H (S) ·
m∏
i=1
p−1∑
j=0
(
λit
(xi )
)j
. (2)
Proposition 7. Let Υ be a subgroup of a finite group Γ and M a kΥ -module. Let C be a
p′-conjugacy class in Γ . Then,
tC
(
M↑kΓ )= ∑
Υ -c.c.D⊆C∩Υ
|Γ | · |D|
|Υ | · |C| · tD(M),
where the sum is over Υ -conjugacy classes D contained in C ∩Υ ; the sum is regarded as
zero if C ∩ Υ = ∅.
Proof. Let a ∈ C. The Mackey decomposition is then:
M↑kΓ ↓k〈a〉 
⊕
〈a〉gΥ
(
gM
)↓k(〈a〉∩gΥ )↑k〈a〉, (3)
where gM denotes the kgΥ -submodule g ⊗kΥ M of kΓ ⊗kΥ M .
Assume that k contains the |Γ |p′ th roots of unity. LetR be a complete rank-one discrete
valuation ring with residue field k and characteristic zero quotient field. Fix an element g
of Γ and let j be the minimal positive integer such that 〈aj 〉 = 〈a〉 ∩ gΥ .
First assume that j = 1. Let M̂aj be the uniqueR〈aj 〉-lattice with reduction (gM)↓k〈aj 〉.
Then, M̂aj ↑R〈a〉 is the uniqueR〈a〉-lattice with reduction (gM)↓k〈aj 〉↑k〈a〉. Choose as ba-
sis of M̂aj ↑R〈a〉 the set {ai ⊗ vm | 0  i < j and 1  m  n}, where {v1, . . . , vn} is a
basis of M̂aj consisting of eigenvectors for the action of aj . Let λm be the eigenvalue
corresponding to vm. Then, with respect to the basis just given, the matrix representing the
action of a on M̂aj ↑R〈a〉 will consist of blocks on the diagonal, where the mth block is the
rational canonical form of the polynomial tj − λm. The trace of this matrix is zero, and so
t{a}((gM)↓k(〈a〉∩gΥ )↑k〈a〉) = 0.
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fying 〈a〉 ⊆ gΥ will equal gΥ , and so assigning it to the Υ -conjugacy class D ⊆ C ∩ Υ
containing g−1a will be a well-defined function. Conversely, given an Υ -conjugacy class
D ⊆ C ∩ Υ , let g ∈ Γ be such that g−1a ∈ D; D will then be the conjugacy class to which
the double coset 〈a〉gΥ is assigned.
How many double cosets are assigned to the same Υ -conjugacy class D ⊆ C ∩ Υ ? In
general, more than one. For each such conjugacy class, fix a representative xD ∈ D. Given
a double coset 〈a〉gΥ assigned to D, g may be chosen so that g−1a = xD . Every element
h ∈ Γ such that h−1a = xD is equal to gz, for some element z of CΓ (xD). So, every double
coset assigned to D is of the form 〈a〉gzΥ = gzΥ , for some z ∈ CΓ (xD). Two such double
cosets gz1Υ and gz2Υ are equal iff z−11 z2 is in Υ (and hence in CΥ (xD)). Thus, the
number of double cosets 〈a〉gΥ assigned to D is the index of CΥ (xD) in CΓ (xD), i.e.,
(|Γ | · |D|)/(|Υ | · |C|).
For any Υ -conjugacy class D ⊆ C ∩ Υ , any double coset 〈a〉gΥ assigned to D, and
any µ in gM , we will have a ·µ = g−1aµ, where µ on the right of the equation is regarded
as an element of M . Notice that g−1a is an element of D.
The result now follows from the Mackey decomposition of Eq. (3). 
Corollary 8. Let C be any p′-conjugacy class of G. Then,
tC
(
Gr
(
S↑kG))= ∑
J -c.c.D⊆C∩J
|G| · |D|
|J | · |C| · tD
(
Gr
(
S↑kJ )),
where the sum is over J -conjugacy classes D contained in C ∩ J ; the sum is regarded as
zero if C ∩ J = ∅.
Proof. Apply the proposition to part (2) of Theorem 5. 
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